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Questions are split into sections A, B, C according to the labels [A], [B], [C] provided, 
respectively, for each question. Section A questions are meant to provide an example to help 
with the lecture material and or the homework of this sheet. The are not meant to be handed 
in and will not be marked. A model solution will be made available via a link that will be 
posted as an announcement for the B5.2 course on moodle. Part B need to be handed in and 


will be marked and discussed in the classes. Part C are optional, they will not be marked. 


1. [A] Find a similarity solution of the equation, for constant a € (0, 1), 
UWS 2 Ue “TOR eek 0; 
which also satisfies the boundary conditions 


u(0,t) =0, u(#,0) =7T)>0, and u>T)>0 asx oo. 


2. [B] Find a non-trivial similarity solution of the equation 
e= (Up nO a Pe eA), 


where 
u,(0,t) =0 = u(t'/?,t) for t > 0. 


Show that 


41/3 


i u(x,t)dx = constant for t > 0. 
0 


3. [A] Find a parametric solution for the PDE 
Uz + uu, = 1, 
with u = 2/2 ony=2,0<a <1, and state the domain of definition. 


4. [B] Find the solution of 


YU, — 2ryUy = 2ru 


such that u = y? when x = 0 and 1 < y < 2. What is the domain of definition of the 


solution? Describe the behaviour of u as y + 0+ in this domain. 
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5. [B] 
(a) Suppose the ODEs 
dr §§=$=dy — du 
a(x,y,u) b(x,y,u) — c(w,y, u) 


have two linearly independent solutions f(x, y,u) = const and g(x,y, u) = const. 


Explain why f and g must satisfy the equations 
Ofg Pb fy Ech = 9, agz + bgy + Cou = 0. 
(b) Show that the general solution of the PDE yu, + u*u, = u? is given by 


u=y+F (e+ 2 —logu). 


6. [B] Find the explicit solution of the PDE 


Ou Ou 
14 _ 
(1+ u)a- Ue aa 
subject to the boundary data 
Cah Ge Ly Se: tor Oe 1 (7) u(#,1)=—a2 forO<a2 <1. 


In case (i), state where the solution is uniquely determined and sketch this region in 
the (x, y)-plane. 

In case (72), show that all the characteristic projections pass through the point (zx, y) = 
(log 2,2), where the Jacobian J = |O(x, y)/O(7, s)| = 0. Hence find and sketch the region 
of the (x, y)-plane where wu is uniquely determined. Explain what happens to the graph 


of u(x, y) versus x as y increases from 1 to 2. 
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